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1. INTRODUCTION
w xThe KKM theorem 5 and its generalizations turned out to be a
w xpowerful tool dealing with several nonlinear problems. Horvath 2 gener-
alized the KKM theorem replacing the usual convexity assumptions by the
topological notion of the contractibility. Motivated by the work of Horvath,
w xBardaro and Ceppitelli 1 generalized minimax inequalities for functions
taking values in ordered vector spaces. At the same time, based on the
w x w xnotion of a convex hull operation introduced by Komiya 6 , Joo' 3 and
w xJoo' and Kassay 4 applied the concept of the pseudoconvexity obtaining
some intersection theorems with their applications to minimax inequali-
w xties. Recently, the author 8]13 obtained some intersection theorems and
their applications to minimax inequalities in generalized H-spaces. The
aim of this paper is first to obtain an intersection theorem involving
R-KKM selections, second to apply it to establish another intersection
theorem involving R-KKM mappings, and finally, as a result, to derive
some minimax inequalities. The obtained results generalize some results
w x1, 2, 7]12 .
Ž .Let X be a topological space without linear structure, P X denote the
² :power set of X, and X the family of all nonempty finite subsets of X.
n Ž . Ž . nLet D denote a standard n y 1 simplex e , . . . , e , . . . , e in R .1 2 n
w xJoo' 3 introduced, based on the notion of a convex space initiated by
w xKomiya 6 , the concept of a pseudoconvex space.
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Ž  4.DEFINITION 1.1. A triple X, h, p is called a pseudoconvex space if:
Ž . Ž . Ž .i X is a topological space and h: P X “ P X is a convex hull
Ž . Ž 4.  4operation satisfying the properties: h B s B, h x s x for all x g X,
Ž .  Ž . ² :4 Ž Ž .. Ž .h A s j h F : F g A for A ; X, and h h A s h A for A ; X.
Ž . n Ž . n Ž .ii p: D “ h F is a continuous mapping from D onto h F ,
n n ² :where D is a standard simplex of R and F g X .
Ž . ² :iii For each F g X , p is convex hull preserving in the sense that
Ž . Ž 4. Ž .p e , e , . . . , e s h x , x , . . . , x for all subsimplex e , e , . . . , ei1 i2 i k i1 i2 i k i1 i2 i k
Ž .  4  4; e , e , . . . , e and a subset x , x , . . . , x of x , x , . . . , x for1 2 n i1 i2 i k 1 2 n
 4  4i1, i2, . . . , ik ; 1, 2, . . . , n .
Ž .A subset K ; X is called h-convex if h K s K.
Ž  4.DEFINITION 1.2. A triple X, H, p is said to be a generalized H-space
Ž . w x ² : Ž .  4G]H-space 8 if X is a topological space and H: X “ P X R B is
a mapping such that the following assumptions hold:
Ž . ² :i For each F, G g X , there exists F ; F such that F ; G1 1
Ž . Ž .implies H F ; H G .1
Ž .  4 ² :ii For F s x , x , . . . , x g X , there exists a continuous map-1 2 n
n Ž .  4  4ping p: D “ H F such that for i1, i2, . . . , ik ; 1, 2, . . . , n , we have
 4p e , e , . . . , e ; H x , x , . . . , x ,Ž . Ž .i1 i2 i k i1 i2 i k
 4where x , x , . . . , x ; F.i1 i2 i k
Ž .A subset K of X is called generalized H-convex G]H-convex if for
² :each F g X there exists a subset F of F such that F ; K implies1 1
Ž .H F ; K.1
Ž  4. Ž .DEFINITION 1.3. Let X, H, p be a G]H-space and T : X “ P X a
Ž .multivalued mapping. T is said to be a relatively KKM R-KKM mapping
 4 ² :if for any F s x , x , . . . , x g X there exists a subset F s1 2 n 1
 4x , x , . . . , x of F such thati1 i2 i k
k
p e , e , . . . , e ; TxŽ . Di1 i2 i k i j
js1
Ž . Ž . n  4for a subsimplex e , e , . . . , e of e , e , . . . , e s D for i1, i2, . . . , iki1 i2 i k 1 2 n
 4; 1, 2, . . . , n .
Žw x. Ž  4.DEFINITION 1.4 8 . Let X , H, p be a G]H-space, and
 4M , M , . . . , M be subsets of X. A subset F s x , x , . . . , x of n1 2 n 1 2 n
Ž .elements of X is said to be a generalized KKM G-KKM selection for
 4  4M , M , . . . , M if for i1, i2, . . . , ik ; 1, 2, . . . , n , we have1 2 n
k
 4H x , x , . . . , x ; M ,Ž . Di1 i2 i k i j
js1
where elements x , x , . . . , x are not necessarily distinct.1 2 n
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This generalizes the notion of a KKM selection introduced by Joo' and
w xKassay 4 .
w x Ž  4.DEFINITION 1.5 8 . Let X, H, p be a G]H-space, x , x , . . . , x be1 2 n
n elements of X and, M , M , . . . , M subsets of X. Elements x , x , . . . , x1 2 n 1 2 n
Ž .are called a relative KKM R-KKM selection for M , M , . . . , M if for1 2 n
 4  4i1, i2, . . . , ik ; 1, 2, . . . , n , we have
k
p e , e , . . . , e ; M ,Ž . Di1 i2 i k i j
js1
Ž .where x , x , . . . , x are not necessarily distinct, and e , e , . . . , e is a1 2 n i1 i2 i k
Ž . nstandard n y 1 subsimplex of e , e , . . . , e in R .1 2 n
w xClearly, every KKM selection 4 is an R-KKM selection.
Note that Definition 1.5 implies that
k
 4p e , e , . . . , e ; M l H x , x , . . . , x ,Ž . Ž .ŽDi1 i2 i k i j i1 i2 i k
js1
 4  4where x , x , . . . , x ; x , x , . . . , x .i1 i2 i k 1 2 n
Ž .Let X and Y be two sets, and S: X “ P Y be a multivalued mapping.
y1 Ž . Ž . y1Ž .Then S : Y “ P X and S*: Y “ P X are defined by x g S y iff
y g Sx and S*y s X R Sy1 y, respectively. Clearly, x g S*y iff y f Sx.
2. R-KKM MAPPING THEOREMS
This section deals with the intersection theorems involving R-KKM
w xmappings. The first theorem generalizes mildly 2, Theorem 1 to the case
of R-KKM selections in a G]H-space.
Ž  4.  4THEOREM 2.1. Let X, H, p be a G]H-space, F s x , x , . . . , x g1 2 n
² :  4X , and M , M , . . . , M closed subsets of X. Suppose that x , x , . . . , x1 2 n 1 2 n
is a R-KKM selection for M , M , . . . , M relati¤e to a simplex1 2 n
Ž . n ne , e , . . . , e s D . Then we ha¤e F M / B.1 2 n is1 i
Ž  4.  4Proof. Since X, H, p is a G]H-space and F s x , x , . . . , x is a1 2 n
R-KKM selection for the subsets M , M , . . . , M, we have1 2
k
 4  4p e , e , . . . , e ; M for i1, i2, . . . , ik ; 1, 2, . . . , n ,Ž . Di1 i2 i k i j
js1
Ž . Ž . n nwhere e , e , . . . , e is a subsimplex of e , e , . . . , e s D of R , andi1 i2 i k 1 2 n
 4 y1Ž .x , x , . . . , x s F ; F. If we set E s p M for i s 1, 2, . . . , n, theni1 i2 i k 1 i i
E is closed in Dn by the closedness of M and the continuity of p. Beforei i
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w xwe can apply the KKM theorem 5 , we need to show that
Ž . k  4  4co e , e , . . . , e ; D E for i1, i2, . . . , ik ; 1, 2, . . . , n . From thei1 i2 i k js1 i j
above arguments, it follows that
k k k
y1 y1co e , e , . . . , e ; p M s p M s E .Ž . Ž .Ž .D D Di1 i2 i k i j i j i jž /js1 js1 js1
n n y1Ž .Hence, F E / B. If an element t g F E , then t g E s p Mis1 i 0 is1 i 0 i i
Ž .for all i s 1, 2, . . . , n. As a result, p t g M for all i s 1, 2, . . . , n, that0 i
Ž . nmeans, p t g F M . This completes the proof.0 is1 i
Ž  4.THEOREM 2.2. Let X be a topological space, Y, H, p a compact
Ž .  4G]H-space, and T : X “ P Y R B a closed ¤alued mapping. Suppose
that T is a R-KKM mapping. Then we ha¤e F Tx / B.x g X
Proof. The proof is immediate from an application of Theorem 2.1.
Ž  4.THEOREM 2.3. Let X, H, p be a compact G]H-space and S, T :
Ž .X “ P X two multi¤alued mappings such that:
Ž .i Tx is closed and Sx ; Tx for all x g X.
Ž .ii x g Sx for all x g X.
Ž .iii S*x is G]H-con¤ex for all x g X.
Then F Tx / B.x g X
Proof. The proof follows from an application of Theorem 2.1 if we
show that T is a R-KKM mapping, that is,
k
 4  4p e , e , . . . , e ; Tx for i1, i2, . . . , ik ; 1, 2, . . . , n ,Ž . Di1 i2 i k i j
js1
Ž . Ž . nwhere e , e , . . . , e is a subsimplex of e , e , . . . , e s D and F si1 i2 i k 1 2 n 1
 4  4 ² :x , x , . . . , x is a subset of F s x , x , . . . , x g X . Assume that Ti1 i2 i k 1 2 n
Ž  4.is not R-KKM. Then, since X, H, p is a G]H-space, we have
k
 4H x , x , . . . , x o Tx .Ž . Di1 i2 i k i j
js1
Ž 4If an element y g H x , x , . . . , x , then y f Tx for x g F fori1 i2 i k i j i j 1
j s 1, 2, . . . , k. That means, x g T*y, and as a result, F ; T*y. Giveni j 1
that Sx ; Tx for all x g X, we have T*y ; S*y. This implies F ; S*y,1
Ž . Ž .and by iii , H F ; S*y. Thus, y g S*y, which implies y f Sy, a contra-1
Ž .diction to ii . This completes the proof.
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Ž  4.THEOREM 2.4. Let X, H, p be a compact G]H-space, and S, T :
Ž .  4X “ P X R B multi¤alued mappings such that:
Ž .i Sx ; Tx for all x g X.
Ž .ii Tx is G]H-con¤ex for all x g X.
Ž . y1iii S y is open in X for all y g X.
Then there exists an element x g X such that x g Tx . This is a ¤ariant form0 0 0
of Theorem 2.3.
3. MINIMAX INEQUALITIES
In this section, we apply the results of Section 2 to derive some minimax
w xinequalities, which generalize some minimax results 2 in pseudoconvex
spaces and H-spaces.
Ž  4.THEOREM 3.1. Let X, H, p be a compact G]H-space and f , g : X =
X “ R two functions such that the following assumptions hold:
Ž . Ž . Ž . Ž .i g x, y F f x, y for all x, y g X = X.
Ž . Ž .ii g x, y is lower semicontinuous in its second ¤ariable, that is, the
 Ž . 4set y g X : g x, y F c for c g R is closed.
Ž . Ž .iii f x, y is G]H-quasiconca¤e in its first ¤ariable, that is, the set
 Ž . 4x g X : f x, y ) c is G]H-con¤ex.
Then one of the following alternati¤es holds:
Ž . Ž .A There exists an element y of X such that g x, y F c for all0 0
x g X.
Ž . Ž .B There is an element x g X such that f x , x ) c.0 0 0
COROLLARY 3.1. Under the assumptions of Theorem 3.1, we ha¤e
inf sup g x , y F sup f x , x .Ž . Ž .
ygX xgX xgX
Proof of Theorem 3.1. Let us define two multivalued mappings S and T
 Ž . 4  Ž .by Sx s y g X : f x, y F c for c g R and Tx s y g X : g x, y F c for
4 Ž .c g R , respectively. Then it follows from i that Sx ; Tx. Consider an
Ž . Ž .element x g X such that x f Sx . Then f x , x ) c, which proves B .0 0 0 0 0
² :Next, we consider the case when x g Sx for all x g X. For A g X ,
 Ž . 4 Ž .A ; A, and S*y s x g X : f x, y ) c , let A ; S*y. Then, by iii , it1 1
Ž .follows that H A ; S*y. Now, by Theorem 2.3, we have F Tx / B,1 x g X
Ž .which implies A .
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